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Annotatsiya. Ushbu magolada ikki o'lchovli termoelastiklik masalasining chekli
elementlar usuli yordamida sonli yechimi ko'rib chigilgan. Tekis deformatsiya holatidagi
termoelastik muammoning matematik modeli, uni yechish algoritmi va Python dasturlash tilida
yaratilgan dastur kodi batafsil bayon gilingan. Issiglik o'tkazuvchanlik va mexanik
deformatsiyalar bog'langan holda yechilgan bo'lib, hisoblash natijalari grafik shaklda tagdim
etilgan. Olingan natijalar asosida harorat tagsimoti, termik deformatsiyalar va kuchlanishlar
tahlil gilingan hamda yechimning amaliy ahamiyati ko'rsatilgan. Maqolada taklif etilgan
metodika mexanika va materiallar muhandisligi sohasida issiglik va mexanik ta'sirlarni
baholash uchun foydalanilishi mumkin.

Kalit so‘zlar: Termoelastiklik, ikki o‘lchovli masala, chekli elementlar usuli, tekis
deformatsiya, issiglik o'tkazuvchanlik, termik kengayish, sonli yechim, Python dasturi,
deformatsiyalar, kuchlanish tahlili.

JABYMEPHBIE 3AJIAYA TEPMOYIIPYT'OCTHU U UX PEHIEHUE METOJOM
KOHEYHbIX 2JIEMEHTOB

Annomauyun. B oanHol cmamve paccmampueaemcs 4UCieHHoe peuleHue O08YyMepHOU
3a0ayu  MepMOYnpy20Ccmu ¢ UCHONb308AHUEM Memoodd KOHeuHblX dlemenmos. I1o0pobno
UBTLOJNCEHBL MAMEMAMUYECKAs MOOeb MEPMOYNPY 20Ul 3a0ayu 8 YCA08UAX NIOCKOU Oedopmayuu,
aneopumm eé€ peuieHust U NPoSPaAMMHbBIU KOO, Deanu308aHHbIll HA A3bIKE NPOCPAMMUPOBAHUSL
Python. 3aoaua pewanace c yuemom 83aumMocCes3u MenionpoOBOOHOCMU U MeXAHUYECKUX
Odepopmayuii, a pezyrbmamvl pacyemog npeocmasieHvl 6 epaguueckom eude. Ha ocnose
NOJYYEHHBIX pPe3yIbmamos8 NpOoBeOéH aHANU3 PACNPeOesieHUss MmemMnepamypbl, MmMepMUdecKux
de(ﬁop/uauuﬁ u Hanpﬂofceﬂuﬁ, a makoice noKasaHo npakmuvecKkoe 3HAYeHUe peuerust.
HpeaﬂOcheHHaﬂ Memoouka modicem Obimb UCHOAb3068AHA  OJIS OYEHKU menjloevlx U

MeXaHUYecKux 6030elcmeutl 8 001acmu MexanuKu u UHJICEHepUU Mamepualoes.
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Knioueswvie cnosa: Tepmoynpyzocmo, 08yMepHAs 3a0a4d, Memoo KOHEUHbIX DJIeMeHmMO8,
Nn10CKaA ()eqbopMauuﬂ, menﬂonpoeodnocmb, mepmudecKkoe pacuuperue, 4ucileHHoe peuleHue,
npoepamma Ha Python, deghopmayuu, ananuz Hanpsicenuil.

TWO-DIMENSIONAL THERMOELASTIC PROBLEMS AND THEIR SOLUTION
USING THE FINITE ELEMENT METHOD

Abstract. This article discusses the numerical solution of a two-dimensional
thermoelasticity problem using the Finite Element Method. The mathematical model of the
thermoelastic problem under plane strain conditions, the solution algorithm, and the Python
program code are described in detail. The problem is solved by considering the coupling
between heat conduction and mechanical deformations, and the computational results are
presented in graphical form. Based on the obtained results, the temperature distribution, thermal
deformations, and stresses are analyzed, and the practical significance of the solution is
demonstrated. The proposed methodology can be applied to assess thermal and mechanical
effects in the fields of mechanics and materials engineering.

Keywords: Thermoelasticity, two-dimensional problem, finite element method, plane
strain, heat conduction, thermal expansion, numerical solution, Python program, deformations,

stress analysis.

Kirish.Termoelastiklik nazariyasi gattiq jismlarda issiglik va mexanik maydonlarning
O'zaro ta'sirini o'rganadi. Bunda harorat o'zgarishi natijasida materiallarda go'shimcha
deformatsiyalar va kuchlanishlar yuzaga keladi. Ushbu nazariyaning amaliy ahamiyati juda
yugori, chunki aerokosmik injeneriya, mashinasozlik va qurilishda konstruksiyalar bir vaqtda
mexanik yuklama va harorat ta'siriga uchraydi. Termik kengayish va termal kuchlanishlarni
inobatga olmaslik materialning yorilishiga yoki konstruksiyaning ishdan chigishiga olib kelishi
mumekin.

Shuning uchun termoelastiklik masalalarini aniq tahlil gilish va ularning sonli
yechimlarini topish dolzarb hisoblanadi. Ikki o'lchovli (tekis deformatsiya holati uchun)
termoelastik masalani ko'rib chigish orgali biz issiglik ta'siridagi deformatsiyalarni bashorat
qgilish usullarini ko'rsatamiz.

Tekis deformatsiya holatidagi termoelastik masalaning matematik modeli ikkita fizik

jarayonni tavsiflovchi differensial tenglamalar sistemasidan iborat:
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Issiglik o'tkazuvchanlik tenglamasi Stasionar holatda (va ichki issiglik manbalarisiz)
temperatura maydoni T(x,y) Laplas tenglamasiga bo'ysunadi:

V2T =0, ya'ni 62_?" -|-82—T =0

dx?  dy?

bu yerda T =T(x,y) - harorat funksiyasi. Chegaraviy shartlar sifatida jismining
girralarida haroratning berilgan giymati (Dirixle sharti) yoki issiglik ogimi (Neumann sharti)
belgilanishi mumkin.

Mexanik muvozanat tenglamalari. Tekis deformatsiya holatida (z yo'nalishda
deformatsiya s,, = 0 deb faraz gilinadi) elastik muvozanat tenglamalari quyidagicha yoziladi:

00y, 00y, 0oy, doy,

dx + dy " oox dy 0

bu yerda o;;(i,j = x,y) komponentlari kuchlanish (stress) tensori bo'lib, ular u(x, y) va
v(x, v) siljish (displacement) funksiyalari orgali aniglanadi. Kichik deformatsiyalar chegarasida
g;; nisbiy deformatsiya tenzori quyidagicha ifodalanadi:

du av 1/0u dv
Exx = 318y = @,Exy :E(@JFE)

Kuchlanish-deformatsiya bog'lanishi (Guk gonuni, termik kengayish bilan)
Oy = 2GExy + AExy + £yy) — KAT

ayy = 2Geyy, + Aexy + £yy) — KAT
Opy = 2G84y

bu yerda:G - siljish moduli, A - Lamé doimiysi; u materialning Yung moduli E va

Puasson koeffitsienti v orgali quyidagicha aniglanadi:

B Ev B E
Q +v)(1—2v)’G S 2(1+v)

A

K = 2Ga + 3Aa - termik kengayishdan kelib chigadigan koeffitsient,

AT =T — T, — jismning dastlabki T, haroratdan farqi,e-chizigli termik kengayish
koeffitsienti.

Natijalar. Yugorida bayon etilgan matematik model asosida ishlab chigilgan dastur sinov
tarigasida kvadrat shaklidagi plastinkaning termoelastik masalasiga go'llanildi. O'lchamlari 5 x 3
birlik bo'lgan plastina tekislikda tahlil gilinadi. Plastina issiqlik va elastiklik xossalariga ega:
elastiklik moduli: 500]00, Puasson koeffitsienti: 0.2, issiglik kengayish koeffitsienti: 1 x 1072,

Plastina uchburchak elementlarga bo'linadi va pastki chegara T = 50°C, boshga barcha
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chegaralar T = 0°C. Mexanik chegaraviy shartlar chap va o'ng chegaralarda u, = 0,uy =0
Masala issiglik targalishi va natijaviy termal deformatsiyalarni aniglashga garatilgan. Natijada
harorat tagsimoti va deformatsiyalangan shakl grafik ko'rinishda chigadi. Plastinkaning
markaziy gismiga nisbatan yugori harorat, chetlariga esa nisbatan past harorat berildi (masalan,
markazda T = Ty, , tashqi chegaralarda esa T = T,;, ). Chegaralarda haroratning bunday
tagsimlanishi plastinka markazida termik kengayishning katta bo'lishiga, chetlar esa sovugroq
bo'lgani sababli kengayishning cheklanishiga olib keladi. Natijada, markaziy hududda yuqori

sigilish kuchlanishlari hosil bo'lishi kutiladi, chekkalarda esa cho'zilish kuchlanishlari paydo

bo'lishi mumkin.

Fgwe ! - a »
#EI Q=
25 Harodat agsimotl Deformatsiyalangan shakl
40 10 e 2 A7 Ash parare
T ,;y_p Aot — Dafermatsips SL0!
40 251 A7 A 'Jf"?f'f“?"f :
A AAAA -
o a3 /‘ . .// 4%
: . 17171

Rasm 1. Plastinkadagi harorat tagsimoti va deformatsiyalangan shakl.

Xulosa. Hisoblash natijalariga ko'ra, plastinka markazidagi tugun harorati T,,., ga
yetgan. Shu nugtada kuzatilgan gorizontal siljish taxminan u,,.,, ~ 1.0 mm ni tashkil etdi.

Vertikal yo'nalishda esa sijjish sodir bo'lmagan (plastinka qalinligi yo'nalishida
deformatsiya mavjud emas), ya'ni plastinka fagat tekislikda kengaygan (tekis deformatsiya
holatida galinlik bo'ylab sijjishlar nolga teng).

Plastinkaning chetlarida siljishlar nolga teng deb hisoblangan (chetlar mahkamlangan deb
faraz gilingan), eng katta deformatsiya esa markaziy gismda kuzatildi. Temperaturalar farqi
tufayli hosil bo'lgan maksimal ekvivalent termik kuchlanish ham markaziy mintagada joylashgan
bo'lib, u materialning mustahkamlik chegarasidan oshmaganligi tasdiglandi.

Olingan natijalar termoelastik nazariyaning sifat jihatidan bashoratlarini tasdiglaydi:
erkin kengayishga to'sqinlik gilinganda, issiglik ta'siri ostida sigilish kuchlanishlari hosil bo'ladi
va bu kuchlanishlar eng issig (ya'ni eng katta AT ) hududda maksimal bo'ladi. Grafik tahlil
(Rasm 1) orqali ko'rinib turibdiki, harorat gradienti katta bo'lgan joylarda deformatsiya ham

sezilarli bo'ladi.
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Shuningdek, markaziy tugunlardagi harorat va siljish miqdorlari o'zaro bog'liq: harorat

ganchalik yuqori bo'lsa, siljish ham shunchalik katta bo'ladi.
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