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Abstract. This article studies the main types of uncertainties that arise when finding limits.
Some methods of disclosure of uncertainties are given.
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IMPUMEHEHMUE ITPABUJIA JIOITUTAJIA
Annomayua. B Oaunoii cmamve u3yuaromcs OCHOBHblE 6UObl HEONpeoeleHHOCHel,
BO3HUKAIOWUX NPU HAXOHCOeHUuu npedenos. IlIpusedenvl Hexomopwvle Memoovl PACKPbIMUsL
HeonpeoenéHHocmell.
Kniouesvte cnosa: Pso Teiinopa, npedenvuas mouxa, npasuna Jlonumans, noeapugm,
9KCHOHEHM.

INTRODUCTION
Uncertainty disclosure — methods for calculating the limits of a function given by formulas,
which, as a result of a formal substitution of an argument in them, lose their meaning, that is, they

turn into expressions like: (00 —o0), (c0/ ), (0/0), (0-0), (0°), (1), (°). Here, O is an
infinitesimal value, and oo is an infinitely large value.

Revealing uncertainties allows:

1. Simplification of the type of function (transformation using abbreviated multiplication
formulas, trigonometric formulas, etc.).

2. Use of wonderful limits.

3. Application of L’Hdpital’s rule.

4. Using the replacement of an infinitesimal expression with its equivalent.

OBJECT AND METHODS OF THE RESEARCH

The most powerful method is L’Hdpital’s rule, however, it does not allow calculating the
limit in all cases. A method for this kind of uncertainty was published in the 1696 textbook
“Analyse des Infiniment Petits” by Guillaume Lopital. The method was communicated to Lopital
in a letter by its discoverer Johann Bernoulli. In addition, it is directly applicable only to the second
and third of the listed types of uncertainties, that is, the relation, and in order to reveal other types,
they must first be reduced to one of these. Also, to calculate the limits, the expansion of the
expressions included in the uncertainty under study is often used in a Taylor series in the vicinity
of the limit point.

RESULTS AND THEIR DISCUSSION
L’Hépital’s first rule (uncertainty of the form 0/0 at X —>a—).
Theorem 1. Let:

1) f(x) and g(x)are defined and differentiable in some interval (a—b,,a), b, > 0;
2) lim f(x)= lim g(x)=0;
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3) £'(x),g'(x)=0 forall X belonging to (a—b,,a) forsome b, > 0;

f'(x . f(x
4) there is a finite or infinite limit at X — a — of the relation ( ) i.e. lim ( )
g'(x)" " e g'(x)
N - f(x) .
Then there is a limit of the relation ﬂ and the equality
g(X
. f(x) . f'(x)
lim——~<=lim—=.
X—a— g(x) X—a— g'(x)
The second L’Hépital’s rule (uncertainty of the form oo/ oo for X — a).
Theorem 2. Let the functions f (X) and g(X) be defined and differentiable in the interval

(a,b); g'(x)= 0 forall x belonging to (&,b); f(x)—> o and g(x) - at X — a; there

f'(x)

is a finite or infinite limit of lim——=, then
x-a (X)

. f(x) . f'(x)

lim——<=1lim

x—a g(x) x—a g'(x)

To reveal the uncertainties (0°), (1°), (oo°) we use the following method: we find the

limit of the (natural) logarithm of the expression containing the given uncertainty. As a result, the
type of uncertainty changes. After finding the limit, we take the exponent from it.

(0)=("")= (") )= (e )= () ()= (e")) = ).

Example 1. Is it possible to apply L’Hopital’s rule to the limit

, .1
x2 -sin =

lim i X

x—0  sin X

The functions f(x)=x? °Sin% and g(x)=sinx, xeR\{0} are defined and
continuous in a neighborhood of the point X =0 (excluding the point X = 0); their derivatives
f'(x)= 2x-sin%—cos% and g'(x)= cosx
simultaneously exist for X # O ; their expression

(f'(x)y +(g'(x))’ = cos® x+0032%—2xsin§+4xzsin2% at X 0 and

.1 1
_ f'(x) _ 2X-SIn——Co0S—
lim—~2 =lim X X ()
x>0 g'(x) x>0 COS X
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. .1 . : 1 .
Since IIm(ZX-SIn—j-(COSX) '=0 and IIm(COS—)-(COSX) " does not exist, the
x—0 X x—0 X

limit (1) also does not exist. Therefore, the application of L’Hopital’s rule in this example is

impossible. Note that

] X .1
lim——-x-sin==0.
x=0 SN X X

x—0

cthx
. (1+¢€”
Example 2. Find the limit w = IIm( > J :

0
Uncertainty is brought to the form €°, we get

it
2 ) ~°
and applying L’Hopital’s rule we have

lim 2 — i l+e* 2 1

x>0 thx x>0 ch™2x 2

1
Thus, W = €2 —.e.

_ X*(Inx+1)—x
Example 3. Find the limit lim ( ) .
x—1 1—X
Function f(x)=x**(Inx+1)—x and g(x)=1-x, x>0, x=#1 satisfy the
following conditions:
1) lim f (x)=1img(x)=0;
X—> X—>

2) their derivatives f'(x)= x*"*(Inx +1)(1+E +In Xj +x* =1, g'(x)=—1, exist for
X

x>0;
3) Iim—fl(x):—Z exists;
x—1 g'(x)
a) (F'(x)F +(g'(x)f %0 at x> 0.
Therefore, the first L’Hopital’s rule applies, according to which we have

X+1 1
lim* (Inx+1)-x _ lim | (X)=_2
x—1 1-Xx x—>1 g'(x)

. X" — X
Example 4. Find the limit lim—— .
-lnx—x+1
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The function f(X): Xx* =X and g(X): InXx—x+1, x>0, x#1 satisfy the following

conditions:
1) lim f (x)=limg(x)=0.

2) derivatives f'(x)=x*(Inx+1)-1, g'(X)=%—1 exists in a sufficiently small

neighborhood of the point X =1.
3) for in the indicated neighborhood.
4) according to the previous example, there is a finite limit.

_fY(x) . xXH(Inx+1)-x

Ilm—( ):Ilm ( ) =-2.
x—1 g'(x) x—1 1-—Xx

Therefore, the first rule of L’Hopital applies, and we have
- f(x) . xX**MInx+1)—x
I|m—( ):Ilm ( ) =-2.

-1 g (X) x—>1 1—X

Example 5. Find the limit of a matrix function
1

sin x xiz arctgx \x*
) (5
A(X): 1 1 %
Arshx )¢ | (1+X)x
Soll

Since lm A(x)= (!(I_rlli a, (X)) where are @, () the elements of the functional matrix

A(X), then we calculate the limit of this matrix element by element. We have

1 | sin x
. (sinx \x? )
Ilm(—j =e’, where z = lim—J
x—0 X x—0 X
Applying L’Hopital’s rule
i X XCOSX—SINX ,. XCOSX—SIinX .. XsinX 1
z=lim_——- 5 =lim 3 =lim——=—=.
x=0 2XSIN X X x—0 2X x=>0  BX 6

Similarly, we obtain for all other elements:
1

. (arctgx \x*
Ilm( g) =e’,
x—0 X

—arctgx

2

1+ X =Iimx—(1+ xz)arctgx=
x>0 X x-0 arctgx 2x° x>0 2x°
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x—(1+xJarctgx i 2x-arctgx 1
; —lim22 St

=lim li > :
x—0 2X x—0 6X 3
1
. (Arshx )2
lim =e’,
x—0 X
X
In Arshx R — Arshx . )

) i rshx . X—u(x
z=lim—X—=Iim NLEX =lim=——~ =
x—0 X x—0 X 2X 2 x>0 X
. Arshx 1
=lim———=--.

x—0  3X 6

(Here we have introduced the notation u(x)= 1+ x* - Arshx.)
1
1 \x
.+ X)x
lim u =e’,
x—0 e
1
In(1+x)x 1 1
. . InQ+x)=x . B . 2) 1
z=lim——& —lim ( 2) TP ESD SETA Gk S S
x—0 X x—0 X x—0 X x—0 2
_1 1
. . e 6 e 3
So, finally we have lim A(X) =", 1
x—0 = ==
e e?

X SIN X
det| ,
_ i e' -1 1+x
Example 6. Find z =lim .
X0 XCOSX tgx
det )
chx e

These determinants as functions of a variable satisfy all the conditions of L’Hdspital’s rule
in some neighborhood of the point X = 0. Therefore, applying the rule, we get

X Sin X 1 COS X X SInX
det| | ) det| , [+det]
) e" -1 1+Xx ) e" -1 1+Xx e 2X
z=1Ilim =lim

x—0 XCOSX tgx x>0 COSX— XSINX COS 2 X XCOSX tgx
det gx det +det gX
chx e chx e* shx e
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Example 7. Find the asymptote of the curve y = x>0.

(@L+x)
The oblique asymptote equation has the form y = kx + b . Using the equation of the curve,
we find K and b:

1+—
X
1
— n 1
L im (L+t) 1 imey L _In(12+t) _
g2 t>40 t g2 to+0 t(t+1) t
1 . t—@+t)in@+t) 1 . Inl+t) 1
=——-| : =——-lim L=
e’ >0 t*(t+1) e’ 02t +3t> 2e
Thus, we obtain the asymptote equation Y = g + 2ie'
Example 8. Investigate for differentiability at a point at point X =0 the function
1— —, if x=£0
f(x)=4X el—l. .
=, ifx=0
2

To investigate the differentiability of a function at a point X =0 means to establish the
existence of a finite limit

£'(0)=lim X exx—l 2 ().

We will search for the limit of (1) according to L Hopital’s rule, for which we must make

sure that the numerator in (1) tends to zero as X — 0. A test using L’Hospital’s rule shows that
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(1 1 1) . 2e¥-2-x—xe* . e -1-xe* 1. —xe
e =lim =—lim———
o0 2x(e* 1) >0 2(e*(x +1)—1) 2 %0 2e* + xe*

: _ 0
So, in the formula (1) we have an uncertainty of the form 6 Applying the L’Hopital rule

to (1) three times, we get

i1t 1
limX_ € -1 2 _ im2e —22—x—xe :“mZe -1-e —>§e _
x>0 X o0 2x2(e* 1) -0 4x(e* —1)+ 2x%"
. — xe* : —e*(x+1) 1
=lim - . -1 = lim AT
x—0 4x(e —1)+e (8x+2x ) x—0 (12+12x+2x )e 12
1
f'0)=——-—.
0)=-7

Example 9. W= lim (tg 2)7:7( 1jx,(garctgx) (thx)* |.
X—>+00 + /4

To find the limit of a vector function, we calculate the limits of each of its components.
,u>0

Since the components are exponential expressions, we apply the representation u* = """

_ _ . 0
, and, having reduced the corresponding uncertainties to the form 6 we use the L’Hopital rule.

We have
X
L SO S Yy S (o2 ) 2 2 fm, .ZXJ; “
Iim(tg 7IX )X :exlﬂw[thxu) o o (2x+1) :ezmxl—l»nlw(smmj (2x+1) e s _1
xotol - 2X+1 ’
a=Ilim =0,
x>0 2X +1
1 1
" 2 .
. 2 X Xlltrlwx-ln(;arctng . ) 1+ X2 arctgx 2
lim| —arctgx | =e =e’,rae Z= lim =——,
X—>+00 72' X—>+00 _i 7Z'
X2
. lim  x-In (thx)
lim (thx)* = e =e’,
X—>+o0
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1
. . thy ch? G X
z = lim xIn(thx)= lim X Ch™X _ 5. jim 2= _2. |im = =0.
X—>+00 X—>+00 1 X —>+00 ShX X—>+00 ChX
XZ
2
Consequently, w=|1,e 7,1]|.
1
Example 10. W= lim| e ¥ . x% x* |,
X—+0
Since for vector - functions
1 1
w=|e ¥ . x xT|=| limle ¥ .x?® ,Iim(xx ‘1) ,
Xx—>+0 Xx—+0

then we find the limits of each of the components separately. We have
_iz yso
limle ¥ - x™ |=limZ—-=50lime” =0.
Xx—+0 y—>+o @Y y—>+o0

(here the second L'LHospital's rule is applied 50 times).

For the second component, we first apply the representation u' =e"""

perform some transformation so that we can use the L’Hopital rule:

, u>0, and

xlnx_l

2
. 1 . xIn x[ <Fx ] b
lim|x =lime =e%.

X—>+0 Xx—>+0

(Here we have used the continuity of the function f(X):eX and the product limit

. : . In?
theorem). To find a=limxIn®*x= lim

T, Wwe use the second, and to find

X—+0 x=>+0 X
exInx_
b = lim ———, the first rule of L’Hopital. We have

x=>+0  X|n X

1 2

2-Inx-= ——

_In? : X 2-Inx X

a=lim—¢-—=lim = - = lim—>=0.
x=>+0 X Xx—+0 — X x=>+0 — X X—+0 1
N
xlnx_ et_
b=Ilim =1lim 1.

Therefore, finally w=(0,1).
CONCLUSION
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L’Hopital’s rule often (though not always) allows you to reveal uncertainties of the form

0 oo
— or — without much thought - if after the first differentiation you again get uncertainty, it does

o0

not matter - you can differentiate again, and so on until we get some specific limit.
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